JOURNAL OF COMPUTATIONAL PHYSICS 53, 28-41 (1984)

A Computational Procedure for Calculating Matrix Elements
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An algorithm is presented for evaluating matrix elements and Clebsch—-Gordan coefficients
of simple Lie algebras. The method is based upon simple properties of Lie algebras and
representation theory and it is applicable to any classical or exceptional Lie algebra.

1. INTRODUCTION

Advances in the gauge theory of weak, electromagnetic and strong interactions
have introduced high rank compact simple or semi-simple Lie groups into the Grand
Unified theories [1-6]. Although the general properties of these groups are well
understood, there is always a considerable computational problem in constructing
explicit matrix realizations of irreducible representations (IRs) and evaluating
Clebsch—Gordan coefficients (CGCs).

In this paper we shall develop a general analytic method for obtaining matrix
elements of IRs and CGCs of simple Lie groups. The method is based upon simple
properties of Lie algebras and representation theory, such as roots and weights, and it
can be implemented by a computer program.

To demonstrate the practicability of the method, we shall analyze, in full, an
example of a rank two Lie algebra. The generalization to higher rank Lie algebras
will be discussed in the last section.

2. Basic CONCEPTS

A general element of the Cartan subalgebra # of & will be denoted by A, «
denotes a root and e, is the corresponding basis element of & such that

|h,e.]=a(h)e,. (1)
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It is possible to associate with each root @ a unique element &, of -# by the
definition
B(h,,#")=a(h) (2)

for all # € #, where B is the Killing form of & [7]. The elements 4, give rise to the
Weyl canonical base with the usual commutation relations {8].

For each pair of roots « and —a, there is a three-dimensional simple subalgebra of
2 |8] which can be constructed in the following way. Define H (e#) by

H,=1{2/{a,a)} h,, 3)

where (a, ) is defined by the Killing form of £, as (&, a) = B(h,, h,) = a(h,). Let
E_, E_,, be elements of the root subspaces (8] ¥, and &, such that

B(E,.E_)=2/{a a). 4)

Then, for the pair (a, —a) the subalgebra is generated by the following commutation
relations:

|Hq» Eq| = 2E,
\Ho B, =—2E ()
[Ear £ o] =H,
As B(e,.,e__)=—1 the basis elements e_, e_, of & can be expressed in terms of £

and E_, as follows:
E,= {2/<as ayl 2 €q

6
E_,=—{2/{a,a)}"?e_,. ©)

With the identification J,=4H_,, J, =E, and J_=E __ the operators J,, J,, J_
are the familiar angular momentum operators. Consequently, the above defined H ,,
E,, E_, basis has the advantage of carrying the properties of the angular momentum
algebra to any Lie algebra &,

In the SU(2) theory we know that every representation D(j) is specified by the
eigenvalue j (j=0,1,1,13,..), and each state of a multiplet is characterized by the
eigenvalue m, taking integral or half-integral values in the range —j < m < 4,
ie 2j + 1 values in all. Moreover, each state of the multiplet is obtained from the state
¥;, by the application of the raising and lowering operators which, with the phase
convention of Condon and Shortley [9], are given by

e Wim= AU Fm)(jtm+ D} Py (7)

It is then always possible to classify the basis functions of an IR of an arbitrary
Lie algebra % according to its A,-multiplets, and, using Eq. (7), to construct an
explicit matrix realization of the IR.
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The elements s, of # may be represented by diagonal Hermitian matrices, while
for each pair ¢ and —a of roots the matrices e, and e_, may be chosen so that

e ,=—e (8)
and correspondingly
E ,=E|. (9)

A matrix representation of a semi-simple Lie algebra can be completely specified if
we know the matrices representing the elements of the Cartan subalgebra -#, , and the
matrices representing the elements E_, E__, of &, &Z_, respectively, for every simple
root . Then, from the commutation relations

[EG’EB]:Nn‘BEnHi (10)

all the other matrices can be constructed.

3. ExpLIiCIT MATRIX REALIZATION OF AN IR OF A SIMPLE LIE ALGEBRA

If an IR I of a simple Lie algebra & has weight multiplicity not exceeding one,
then the action of the raising and lowering operators on the basis functions of I" will
trivially generate the matrix elements of this representation. However, if the weight
multiplicity is greater than one, considerable complications arise due to the fact that
more than one basis function corresponds to the same weight.

There is a straightforward method for the construction of diagonal matrices
representing H ,, when the weight system is known.

We can define the weights 4 of an IR as the eigenvalues of an operator W(h),
h € #, on the basis functions y,, v,,.., ¥;, where [ is the rank of the algebra. This
implies that the diagonal matrices are given by

[(hY;=Agh),  hEF, j=12..1 (11)

In the basis defined by Egs. (5), we have

(I(H,))y = A H,) = {2/{a, a)} A,(h,). (12)
Defining the linear functional 4, :.# — C (8] by
Ak = (4 @) (13)
Eq. (12) becomes
(I(H )y = A(H,) = 24, @)/ (@, &) (14)

To determine the I'(E,,), a simple observation considerably simplifies the calculations.
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Equation (1) can be written
[T(h), T(en)] = a(h) T(e,)- (15)
In particular, the pg element is
I (R)pp = T(h)gq — a(A)}(I(€4))pg = O- (16)
Equation (16) tells us that (I'(e,)),, # O only if
I(h),, = I'(h)gg = a(h) (17)

ie., (I'(e,)),q # 0 if the difference between the pth weight and the gth weight is a(h).

Now let us suppose that we have constructed the matrices representing the
generators H,, a simple root, using Eq. (16). Then we can partition these diagonal
matrices into blocks according to their 4 ,-subalgebra content. If all the weights are
simple, then there is a unique block form for each 4,-subalgebra. If some of the
weights have multiplicity greater than one, there is an ambiguity in deciding which
element of the I'(H_) belongs to each 4 ,-subalgebra IR. In the following example we
shall show how one can remove this ambiguity.

The 27-dimensional representation of G, has some of its weights with multiplicity
greater than one. In Fig. la we have enumerated the weights according to their
lexicographical order. The vertical lines join pairs of eigenvectors y, and ), such
that (w4, E_,,w})# 0, while the horizontal lines join pairs y,, w} of eigenvectors
such that (v, E_, wj)# 0. With the following values of the normalization of the
quantities (a;, a;), i = 1,2,

1 — 1
(ay,0,)=1, (@3, ) =13 (18)
% a
& i
3 4/—+ % b
56
2 o—= 3 02 [
1 172 A ,
0 10 137415, A
1 3 2
1 20,2 76,17 |
0 4
2 25 2223 ”
3 26| % -1 § 5
4 27 -2 7
2 A 0 1 2 q 9 -1 0 1 a,

FiG. 1. The weight diagrams of (a) 27-dimensional representation, (b) I4-dimensional represen-
tation, (c) 7-dimensional representation. The circles represent weight multiplicities.

581/53/1-3
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and the use of the relation J, = 1H,,, Eq. (14) gives for the 27 representation

r27(Ha1 =1 dlag(os %’ 15 - %, Os 03 %, %9 1’ —1

_17—'%’_%50,0’03%5%s_1’—1§_%50703 ,_1’_é50)

=

- (19)

r27(H(12)= l diag(l’oi ~19 %9 %9 59 - 5’ - %, - %, 2
1, 1’0’ 0’ 0"—1’*1’_2’ %’ %a lZ’_ %a_ %a_ %5 1, O,"l)

Using Eq. (17), the matrix I'*'(H, ), for example, can be written in an 4 ,-block form
(we omit the constant factor 1).

r27(Ha2)=diag(1’ 0’ —1; %’ %’ %’ - %s — 3, lZ;
A -triplet A |-tetraplet
A -doublet
2’ 13 ls 05 0’ 0’ '—1’ —13 2‘5 (20)
\VARRN4 /

A |-pentaplet

A triplet
A -singlet
3 o111 1 3.1 0 —1).
2% 2% 20 20 29 2 3 [
\/ ;R
A |-tetraplet A -triplet
A -doublet

The lines in the above expression indicate the ambiguity of assigning the eigenvalues
to a particular multiplet according to Eq. (17). This ambiguity will also be reflected
in the matrix I'(E,,). In Fig. 2 we have represented the matrix ['(E,,,) with its various

A -blocks.

A ’—lriple(
A;tetraplet
A’—doublet
A1—pentaple(
A1—tr iplet
A-singlet
1 Actetraplet
A;doublet
A1~triplet

FiG. 2. The matrix I”'(E,,) in its 4, — subalgebra block form.
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If we go through the same computational procedure for the other generator H,, ,
we shall end up with a matrix I'(E, ) of a similar form as in Fig. 2 (with a different
arrangement of the A,-blocks). To remove the ambiguities present in these two
matrices, we choose one direction in the weight space, let us say the a,-direction, in
which we fix the multiplets by an arbitrary choice of the states. This choice will fix
unambiguously the matrix I'(E,.). The matrix elements in the & -direction can then
be computed using the commutation relations of the algebra. In this particular
example we have chosen the states ., v, (see Fig. la) to belong to the tetraplet (v,,
Ws, W4, W) while the states vy, y; are chosen such as to form a a,-doublet (y ., wy):
the states y,q, W,;, ¥ 3, V6, ¥g fOorm a pentaplet; the states v,,, ¥4, ¥, form a
triplet; the state w, is a singlet; the states w4, W,q, ¥,,, ¥y, fOorm a tetraplet, and
finally the states y,,, w,, form a doublet.

As E, v, and E,, v, are both proportional to v, (Fig. 1a) let

Ea, Vs =ay;
(21)
E, vs=by,.
The matrices can be chosen to be real, so that relation (9) can be written
[(E,)=T(E_,) (22)
Because of relation (21) the following results would be valid:
F(Ea,):&s:a, F(Ea,)jSZO J#3 (23)
I(E, )ys=b, IE, )s=0 j#3.
There would be complex numbers A and u such that
E_, wy=uys + Ay, (24)
This implies that
F(E_a])53=y, F(Efzn)j}:() J#5,6 (25)
[‘(E_al)63 =1
Thus, relations (22), (23) and (25) give
a=y, b=A4. (26)

Hence, relation (24) becomes

Ef,,,%:a%erWﬁ- (27)
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The action of E,, on relation (27), as [E_, , E,, ] =0, will give
EazE—a‘WZi = aEa2W5 + bEaZWG
= \/5 ay, (from our choice in the a,-direction and Eq. (7))
E—alEaz V= Efal(\/EWZ)
= \/Ey/4 (because £ _, v, =y, from Eq. (7)).

Thus
a=+/3. (28)

TABLE 1

Matrix Elements of the 27, 14 and 7 Representations of G, (Only the Non-zero Values v of the (i)
Coordinates Are Given, in an Array (i, /, v))

27 Representation 14 Representation 7 Representation
I'E,,) I'(E,,) I'E,,) I(E,,) r'E,,) IE,,)

2 4 1 1 2V/2 12 1 2 33 231 121
35 V23 2 32 46 1 34 2 561 3412
510 V2//3 4 53 5 1V3N2 4 53 451/\/2
36 23 57 2 710,/3/\/2 6 72 67 1

610 2/\/3 68 i 58 1/y/2 792
711 23 793 810 1/\/2 10114/3
712 1/3 1011 2 911 1 i 2
811 13 11136 1314 1 1213/3
812—V2/\/3 12142

913 fl?% 13 16\\/[8

1319 14/3 14172

914  1/2 1619 2

1419 1/\/2 19203

915 8/\/7T 2022 2

1519 /8/\/7 2123 1

1620 V2/\/3  2224\/3

1621 1/4/3 2526 1

1720 1/4/3

1721 —/2/\/3

1822 /2/\/3

2225 \/2\/3

1823 2/\/3

2325 2/\/3
2426 1
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From (E, ,E_, | = H, we have when applied to v,
EalE»a1W3 _E~n1Ea,W3:Ha'lW3
Qa, + 2a,, ;)
— ¥
(@, ay)
2a,, a;) +2 Aa,, a1>)
(a;, ;) (a,, ;)

(@ +b6)y,=0@+2(-1) v, (from the Cartan matrix of G, we
have 4,,=2,4,,=-1)

E, (ays +by,) =2

(@ + )y, = (2

at+bi=2

and from Eq. (28), we get b= 2/\/§.

The above calculations fix the matrix elements around the (2, 3, 5, 4) loop. All the
other loops of the weight diagram of Fig. la can be calculated in the same way. This
results in a matrix representation of £,

Table I gives the non-zero matrix elements of the generators I'(E, ) and I'(E, ) of
the 27-dimensional representation of G,. We shall discuss later the generalization of
the above computational procedure for large /.

4. A PROCEDURE FOR GENERATING CGCs

An important by-product of the method developed in Section 3 is a procedure for
evaluating CGCs. To establish our notation, we shall denote the basis functions of
two IRs of a simple compact Lie group by " and ', where a and b stand for the
dimensions of the IRs and 4, v for their weights in lexicographical order. Then, the
CGCs will be given by [10]

wUn = ‘(a b
m Uy

jV) @ u/(b) (29)
m

uv

where the index y distinguishes those IRs which appear in a Clebsch-Gordan Series
(CGS) more than once. We can also express the product basis functions as linear
combinations of the basis functions of the IRs, i.e.,

TSR W I P (30)
Jm

gy, "

The knowledge of the matrix elements and the use of the raising and lowering
operators is sufficient to determine the CGCs of a given CGS. An example will
elucidate our discussion.
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Let us suppose we want to evaluate the CGCs of the CGS
T7607=27T01407®1 (31)

of G,. Using the methods of Section 3 we construct first a matrix realization of the
IRs appearing in relation (31). The results of the computation are in Table I.

We shall denote the basis functions of the representations in relation (31) by v/,
(=127 ¥, (G=1,2,7), vi, (k=1,2,.,27), wi% (1=1,2,..,14), v, ,
(m=1,2,.,7) and y| . The Greek indices indicate the weight systems, while the
Latin indices i, j, k, I, m specify the position of a state in the weight diagrams
(Fig. 1). In terms of the basis functions relation (31) can be written

7®7(_<27 1 7,)27+<14 7 71) 14
Wi.v Wj.u - k,ﬂ i’v j,lu Wk'n 1,/{ i, % ja:u WI,A
(32)
+( 7 7 7 ) +( 1 1 7’) 1
m, w i, » J,/l Wm.a) 1’ (0, O) i, v j,,u W],(0,0).

To calculate the CGCs (27 |7, /"), we start with the highest weight of the 27

ke | iv jou
representation. In terms of the basis functions of the 7’s we have

W%?(Z,A) =1 W],(l.z) ® WZ:(I,Z)‘ (33)

The successive application of the lowering and raising operators on the states of
(33) will result in a complete determination of the (2} | /7, ;7,) coefficients.

Applying this method, we must be careful when we encounter a state with
multiplicity greater than one. In Fig. 3 we have isolated the first state with internal
multiplicity two of the 27 representation. The application of E_, to the state vl
gives

2 2
E_gl ‘l/§.7(2,2) = \/; ng(m) + “‘\/? l//g?(l,z)‘ (34)

The result of applying E_,_to w3, 5, is

27 T 77
Vilen = Vaan @ Vi (35)
27
w7,(2‘4)
27 7
Vo3 Wg,(z,s)
‘4'?5,7(7,2) _ A
g 3(22)
0Ro 602

FiG. 3. The first state with multiplicity two of the 27 representation.
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Then, the left-hand side of Eq. (34) becomes

E—an(‘/’;,(l,l) Q@ Wra) = Vi ® vian+t¥ian® ¥l (36)

Because we have chosen the state 5 to belong to an E, -triplet (see Section 3),
when E_, is applied to the basis function Wil .1, we find

(24

1 1 ,
27 7 7/ 7 7
Vs .2 = ’_\[ V0.0 Vi an Tt —F—=Vion ® Wy
3 V6

(37)
1 , 1 ,
+ 7—6— vr o ®@Wl ot 73" Wi ® Vi oo

If we substitute relations (37) and (36) into (34) we get a relation from which the
state W¢ (o is determined in terms of its 7 and 7' components. The result is

W?x = _1 W; 1)®W;.,(1 n T : W;(l 1)®W;/{0 1
(1,2 — f (0, (1 W1 A0,
3 V3

(38)
1

, 1 ,
\/5 Vi0.0® '//Z.u,z) - \/6 WZ.(I,Z) ® WZ.(O.O)'

To evaluate the CGCs (/4| ], /), we start again with the highest weight of the 14
representation (2, 3). However, there is another state with the same weight, belonging

to the 27 representation, given by

1
27 _ 7 70 7 7
Viae,n= —\/2— Wr.0.0 @V an+¥Lan®Vaan)

To define the state %, ,, we choose the orthogonal combination to the above
state

1 , ,
W;?(Z,J) = \/5 (W;.(l,l) ® Wz,(l,z) - W:,(],Z) ® W;,(l,l))s (39)

and we repeat exactly the same procedure. With this method all the CGCs of relation
(32) can be easily calculated.
The results of the full calculation are shown in Table II.

5. GENERALIZATIONS

As we go to higher rank algebras and representations the weight system becomes
more complicated and the difficulty of the method is to solve the labeling problem of
the states which appear in the various loops. Towards this direction we have
developed a computer program [11] for the physically interesting SO(4n + 2) groups
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TABLE 11
CGCs of the CGS T®T7=2T0 14D 7@ 1 of G,

a. 27 Representation

State

7,7 States

CGCs

10
11

12

[ R L R T U O Y L T S o e S O T Y T O e e O R S R

AT L SR PR NS R T O R T ¥ R (O N R I A 7S I - U S R N N

1
1/V2
V2
1

1/V2
V2
13
V6
V6
113
~1/\/6
V3
11V/3
~1/V6
V6
13
1V/3
IV6
-1/V/3
1/\/6
16
~14/3
V2
12

1

1V2
12
1/V2
1/V/2

State

13

14

15

16

17

18
19

20

21

7,7 States

B B I e = T o R S e I I e B = WLV TR ~N SN R 5 e R o I S R LY I “S e )

CGCs

State

7.7 States

CGCs

23

24

25
26

S e =T = N e e Y e R = W V T

Table continued
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TABLE II (continued)

39

b. 14 Representation

State 7,7 States CGCs State 7,7 States CGCs State 7,7 States CGCs
1 ) ~1//2 43 1/\/3 10 36 —1/\/2
21 12 61 1/\/6 63 1/V2
2 13 —1/y/2 7 17 —1/2/3 11 37 —1/\/6
31 1/\/2 26 —~1/2\/3 46 —1/\/3
3 14 —1/\/3 35 —1/\/3 6 4 INE:
23 ~1/\/6 53 113 73 1/y/6
32 1/\/6 62 123 12 47 —1/\/3
41 1/y/3 71 1/2,/3 56 ~1/\/6
4 15 ~1/\/6 8 17 1,2 63 1/y/6
24 —1/\/3 26 —~1/2 7 4 1/\/3
42 1/1/3 62 12 13 57 —1/V2
501 1//6 71 ~1/2 75 1/\/2
5 23 ~1/\/2 9 27 ~1/\/6 14 67 —1/\/2
52 1/\/2 45 ~1/\/3 76 1/1/2

6 16 ~1/\/6 54 1/V3

34 —1/\/3 72 1/4/6

c. 7 Representation

State 7,7 States CGCs State 7,7 States CGCs State 7.7 States CGCs
1 14 —14/6 43 ~1/1/6 54 —1/\/6
23 1/y/3 61 INE 72 1/V/3
32 —1//3 4 17 —1/1/6 6 37 -1/1/3
41 1/\/6 27 —1/\/6 46 1/\/6
2 15 ~1/y/3 35 1/\/6 6 4 —1/\/6
24 1/V/6 53 ~1/\/6 73 1/y/3
42 —1/\/6 62 1/\/6 7 47 —1,\/6
51 1/V/3 71 ~1/1/6 56 1/V3
3 16 “I/3 S I S YN 65 ~1/3
34 1/\/6 45 1/\/6 74 1/1/6

d. 1 Representation

State 7.7 States CGCs

26 1/2
62 ~1/2
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Dynkin's diagrams

Roots Inverse Cartan matrix |
L e

Dimens;p‘r\ality of representations |

XVe\ghts

= —

o T
Weyl group @Chl ng rules
Clebsch-Gordan series| ' Matrix representation

Clebsch-Gordan coefficients

FI1G. 4. A diagramatic representation of a Lie algebra.

[3, 5]. The program implements general algorithm for constructing matrix elements of
IR of any semi-simple Lie algebra L of rank [ consisting of the following steps:

(a) An arbitrary choice of the multiplets in the a,-direction.

(b) For each of the other amultiplets (i=1/—1, [ —2,..,2, 1) we consider all
the loops (a;, ;) with i >jand i,j=11-1, ..,2, 1.

(c) If the loop (a;, @;) cannot specify the states of the a-multiplet, we make a
choice of the states belonging to the o -multiplet.

Once the matrix elements have been evaluated using the above algorithm the program
proceeds to the evaluation of the CGCs of a particular CGS. In an application of this
program to the SO(10) theory the matrix elements of the 126, 120, 16 and 10 IRs
have been evaluated and the CGS of the CGS 16 ® 16 =126 @ 120 @ 10 have been
calculated [11].

In the CGCs theory [12] there is a complication |13, 14] if an IR appears more
than once in a CGS. In.that case, the method of Section 4 is also applicable, the only
difference being that the basis functions corresponding to the highest weight of the IR
I'*" must be an orthogonal combination of the basis function corresponding to the
highest weights of the representations I'*'¥ with j < i.

An implementation of the above method to other Lie algebras is needed and this
requires a systematic study of the labeling problem. We believe that it can be done in
a systematic way using a computer [11]. This opens the possibility of developing a
Lie algebra computer package program according to Fig. 4, where the only input
would consist of the type and the rank of a particular Lie algebra.
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